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Abstract
It is shown that dynamics of D+ 2 elements of the (super)diffeomorphism group in
one (1+1 for the super) dimension describes the D - dimensional (spinning) massless
relativistic particles. The coordinates of this elements (D + 2 einbeins, D + 2 con-
nections and 1 additional common coordinate of higher dimensionality) play the role
of coordinates, momenta and Lagrange multiplier, needed for the manifestly confor-
mal and reparametrization invariant description of the D - dimensional (spinning)
particle in terms of the D + 2 - dimensional spacetime.
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1 Introduction
As is well known there exist several equivalent formulations of the massless relativis-
tic particles. The second order and first order formalisms are examples of them. The
essential ingredient of both approaches is einbein - the field describing one dimen-
sional gravity. One more example is the conformally invariant description [1], which
starts from D + 2 dimensional spacetime. The existence of alternative approaches
always sheds some new light on the nature of the physical system. In particular,
the conformally invariant description from the very beginning considers the particle
coordinates and einbein on the equal footings. For the extended spinning particle
[2]-[8] the analogous description [9] shows that the gravitinos of the corresponding
one dimensional supergravity are on the same footing with coordinates superpartners
as well.
In the present work we consider the natural description of the massless relativistic
particle and N = 1 spinning particle in terms of nonlinear realization of the infinite
dimensional diffeomorphisms group of the one dimensional space ((1,1) superspace).
We construct the first order conformally invariant formulation and show that
the spacetime coordinates and one dimensional supergravity fields are realized as
dilatons of one dimensional diffeomorphisms group. We consider simultaneously
the dynamics of D + 2 different points in the group space, hence they contain the
same number of dilatons. The corresponding (D+2) components of momentum are
connected with the Cristoffel symbols. One more parameter of the group having
higher dimension is the same for all (D + 2) points. It plays the role of Lagrange
multiplier and effectively reduces the number of spacetime coordinates from D + 2
to D ones.
In the second section of the paper we shortly describe the conformally invariant
approach to relativistic particles and spinning particles. The third section is devoted
to the description of spinless particle in terms of the diffeomorphisms group. In
the fourth and fifth sections we construct the reparametrization invariant in the
(1, 1) superspace worldvolume action for N = 1 spinning particle. Some further
possibilities of applying the developed formalism are discussed in Conclusions.
2 Conformally invariant description
In this section for convenience of reader we remind the conformally invariant de-
scription of the relativistic particle [1], N = 1 [1],[9] and extended [9] spinning
particle.
The action for bosonic massless relativistic particle in D - dimensional spacetime
can be written in terms of D+2 coordinates xA, A = 0, 1, . . .D+1, of the spacetime
with the signature
ΣA = (−++ . . .++︸ ︷︷ ︸
D
−) : (2.1)
1
S =
∫
dτ(
1
2
x˙2 − 1
2
λx2). (2.2)
Besides of the SO(D, 2) invariance, it is gauge-invariant under the transformations
δx = ǫx˙− 1
2
ǫ˙x, (2.3)
δλ = ǫλ˙+ 2ǫ˙λ+
1
2
...
ǫ . (2.4)
The relation of the action (2.2) with the usual D - dimensional action is established
by solving the equation of motion for the Lagrange multiplier λ
xAxA ≡ xaxa + 2x+x− = 0; a = 0, . . . , D − 1; x± = 1√
2
(xD ± xD+1). (2.5)
In terms of new variables
x˜ =
x
x+
, e =
1
x2+
, (x− = −x
axa
2x+
), (2.6)
the Lagrangian becomes
L =
1
2
˙˜x
2
e
. (2.7)
Its reparametrization invariance
δx˜ = ǫ ˙˜x, δe = ǫ˙e+ ǫe˙ (2.8)
is the consequence of (2.3)-(2.4).
The modification of the action (2.2) to the case of extended spinning particle [3],
[7] is [9]
L =
(
1
2
x˙2 +
1
2
iγ˙i · γi
)
−
(
1
2
λx2 + iλiγi · x+ 1
2
iλijγi · γj
)
(2.9)
(for N = 1 spinning particle the action was constructed in [1]). Here γi, i = 1, . . .N,
are Grassmann variables which become γ - matrices upon quantization. After the
solution of the equations of motion for the Lagrange multipliers λ, λi and some
redefinitions like (2.6) one can derive the usual D - dimensional action for N -
extended spinning particle in the form of [3], [7].
So, the Lagrange multipliers λ in pure bosonic case and λ, λi in the case of
extended spinning particle play the crucial role in the conversion of the D + 2
- dimensional actions into D - dimensional ones. Nevertheless, their geometrical
meaning as well as the nature of initial D+2 coordinates xA is unclear. In the next
sections we will show that all this functions of τ have an interpretation in terms of
parameters of diffeomorphisms groups.
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3 Geometrical description of the massless particle
Consider the auxiliary 1 - dimensional bosonic space with the coordinate s. The
generators of the corresponding diffeomorphisms group
Lm = is
m+1 ∂
∂s
, (3.1)
form the Virasoro algebra without central charge
[Ln, Lm] = −i(n−m)Ln+m. (3.2)
In what follows we will consider the subalgebra of the algebra (3.2) which is formed
by the regular at the origin generators Lm, m ≥ −1.
The most natural is the following parametrization of the group element
G = eiτL−1 · eiU (1)L1 · eiU (2)L2 · eiU (3)L3 . . . eiUL0 , (3.3)
in which all multipliers with the exception of eiUL0 , U ≡ U (0), are ordered by
the dimensionality of the correspondent generators: [Lm] = m. Such structure
of the group element simplifies the evaluation of the variations δU (m) under the
infinitesimal left action
G′ = (1 + iǫ)G, (3.4)
where ǫ =
∑
∞
m=0 ǫ
(m)Lm−1 belongs to the algebra of the diffeomorphisms group. The
transformation laws of the coordinates in (3.3) are [10]
δτ = ε(τ) ≡ ǫ(0) + ǫ(1)τ + ǫ(2)τ 2 + . . . , (3.5)
δU = ε˙(τ), (3.6)
δU (1) = −ε˙(τ)U (1) + 1
2
ε¨(τ), (3.7)
δU (2) = −2ε˙(τ)U (2) + 1
6
...
ε (τ). (3.8)
In general U (n) transforms through τ and U (m), m < n. At this stage it is natural
to consider all parameters as the fields in one dimensional space parametrized by
the coordinate τ . It means the following active form of the transformations of the
parameters U(τ), U (m)(τ)
δU(τ) = −ε(τ)U˙(τ) + ε˙(τ), (3.9)
δU (1)(τ) = −ε(τ)U˙ (1)(τ)− ε˙(τ)U (1)(τ) + 1
2
ε¨(τ), (3.10)
δU (2)(τ) = −ε(τ)U˙ (2)(τ)− 2ε˙(τ)U (2)(τ) + 1
6
...
ε (τ). (3.11)
One can easily verify that the functions x = eU(τ)/2 and λ = −3U (2)(τ) have
exactly the transformation laws (2.3)-(2.4) with ε(τ) = −ǫ. Simultaneously U (1)(τ)
transforms as one dimensional Cristoffel symbol.
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The independence of δU (2) from U and U (1) means that one can consider more
than one group elements
GA = e
iτL−1 · eiU (2)L2 · eiU (3)L3 . . . eiU (1)A L1 · eiUAL0 , A = 0, 1 . . . , D + 1, (3.12)
which have identical values of parameters τ and U (m)(τ), m ≥ 2, and differ in
the values of the parameters U
(1)
A and U
(0)
A ≡ UA. This property is valid when all
of these group elements are transformed with the same infinitesimal transformation
parameter ε(τ).
In general it is true for any group which admits the parametrization in the form
G = K · H , where H is some subgroup of the group G and K parametrizes the
corresponding coset K = G/H . One can consistently consider the set of group
elements
GA = K ·HA (3.13)
with equal coset element K and different elements of subgroup HA. This property
(the equality of the coset elements for all GA ) is invariant with respect to the left
multiplication
GA → G′A = g ·GA (3.14)
with some group element g.
Consider the Cartan’s differential form for each value of the index A
ΩA = G
−1
A dGA = iΩ
(−1)
A L−1 + iΩ
(0)
A L0 + iΩ
(1)
A L1 + . . . . (3.15)
All their components (Ω
(−1)
A , Ω
(0)
A , Ω
(1)
A , . . .) are invariant with respect to the left
transformation (3.14). The explicit expressions for the components of the Ω -form
are:
Ω
(−1)
A = e
−UAdτ, (3.16)
Ω
(0)
A = dUA − 2dτU (1)A , (3.17)
Ω
(1)
A = (dU
(1)
A + dτ(U
(1)
A )
2 − 3dτU (2))eUA , . . . . (3.18)
The first of these forms is differential one-form einbein. The covariant derivatives
(carrying the external index A) calculated with its help are
DτA = e
UA
d
dτ
. (3.19)
The most interesting is the form Ω
(1)
A . The following expression for the action
S = −1
2
∫ ∑
A
ΣAΩ
(1)
A = (3.20)
= −1
2
∫
dτ
∑
A
ΣAe
UA(U˙
(1)
A + (U
(1)
A )
2 − 3U (2)),
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where ΣA is the signature (2.1), is invariant under the transformation (3.14) and
corresponds to the first order formalism for the action (2.2). Indeed, after the
integration by parts in the first term and change of variables
xA = e
UA(τ)/2, pA = e
UA(τ)/2U
(1)
A , λ = −3U (2)(τ) (3.21)
it becomes (omitting summation over indices A with signature (2.1))
Sf =
∫
dτ(x˙p− 1
2
p2 − 1
2
λx2). (3.22)
This action is invariant under the gauge transformations
δx = ǫx˙− 1
2
ǫ˙x, (3.23)
δλ = ǫλ˙+ 2ǫ˙λ+
1
2
...
ǫ . (3.24)
δp = ǫp˙+
1
2
ǫ˙p− 1
2
ǫ¨x. (3.25)
After the elimination of pA with the help of its equation of motion pA = x˙A the
action (3.22) coincides with the action (2.2).
4 N = 1 spinning particle in a superconformal
gauge
To generalize the approach on the spinning particles we firstly consider more simple
example of the N = 1 Superconformal Algebra (SCA)
[Lm, Ln] = −i(m− n)Lm+n (4.1)
[Lm, Gs] = −i(m
2
− s)Gm+s (4.2)
{Gr, Gs} = 2Lr+s. (4.3)
The indices m,n ≥ −1 are integer and r, s ≥ −1/2 -halfinteger. Following the
considerations of the previous Chapter and [10] we write the group element as
GA = e
iτL−1 · eiθG−1/2 · eiΘ(3/2)G3/2 · eiU (2)L2 · · · (4.4)
eiΘAG1/2 · eiU (1)A L1 · eiUAL0, A = 0, 1 . . . , D + 1.
Last three multipliers in this expression form the subgroup of the whole supercon-
formal group and they consistently can carry external index A, as discussed in the
previous Chapter.
All parameters (Grassmann Θ-s and commuting U -s) are considered as super-
functions of τ and θ which parametrize the (1, 1) superspace. The variation of
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superspace coordinates under the left action of infinitesimal superconformal trans-
formation can be written in terms of one bosonic superfunction Λ
δτ = Λ− 1
2
θDθΛ, (4.5)
δθ = − i
2
DθΛ, (4.6)
where
Dθ =
∂
∂θ
+ iθ
∂
∂τ
, (4.7)
is the flat supercovariant derivative.
To calculate the invariant differential Ω- forms one should take into account that
Grassmann parity of differential of any variable is opposite to its own Grassmann
parity, i.e. dτ is odd and dθ is even [11]. The general expression for Ω -form is
ΩA = G
−1
A dGA = iΩ
(−1)
A L−1 + iΩ
(−1/2)
A G−1/2 + iΩ
(0)
A L0 + iΩ
(1/2)
A G1/2 + iΩ
(1)
A L1 + . . . ,
(4.8)
where two first components
ΩτA ≡ Ω(−1)A = (dτ − idθθ)e−UA = dxMEτMA, (4.9)
ΩθA ≡ Ω(−1/2)A = {dθ − (dτ − idθθ)ΘA}e−UA/2 = dxMEθMA (4.10)
define supervielbein (x1 ≡ τ, x2 ≡ θ) :
e−UA −ΘA · e−UA/2
EAMA =
−ie−UA · θ e−UA/2(1− iΘA · θ)
The covariant derivatives DBA ≡ EMB A∂M , (B = τ, θ), are defined with the help
of inverse supervielbein
eUA(1 + iΘA · θ) ΘA · eUA
EMA A =
ieUA/2 · θ eUA/2
As a result
DθA = eUA/2Dθ, DτA = eUA(Dτ +ΘADθ), (4.11)
where Dτ ≡ ∂∂τ and Dθ (4.7) are flat covariant derivatives. The invariant integration
measure is
dVA = dτdθBer(E
A
MA), (4.12)
where dθ is the Berezin differential and
Ber(EAMA) = e
−UA/2. (4.13)
Note, that all considered quantities – supervielbein, covariant derivatives and inte-
gration measure, depend on the external index A.
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To construct the action for N = 1 spinning particle consider the component Ω
(1)
A
and express it in terms of the full system of invariant differential forms ΩτA and Ω
θ
A
Ω1A = Ω
τ
AYA + Ω
θ
AΓA. (4.14)
The coefficients are also invariant. In particular, ΓA is odd and can be used for the
construction of invariant action
S =
i
2
∫ ∑
A
dVAΣAΓA = (4.15)
i
2
∫
dτdθ
∑
A
ΣAe
UA(DθU
(1)
A − iDθΘAΘA + 2iΘAU (1)A − 2iΘ(3/2)). (4.16)
After the introduction of new variables
XA = e
UA/2, ΠA = e
UA/2U
(1)
A , ΞA = e
UA/2ΘA,
integration by parts in first term and omitting the index A the action becomes
S =
i
2
∫
dτdθ(−2ΠDθX − iDθΞ · Ξ + 2iΞΠ− 2iΘ3/2 ·X2). (4.17)
The equation of motion for Π gives Ξ = −iDθX . Making use of this equation
and identity D2θ = i∂τ one can find the final result for the action in terms of even
superfields
XA = xA + iθγA (4.18)
and odd ones
Θ3/2 = −1
2
(λodd − θλ), (4.19)
S = − i
2
∫
dτdθ(X˙DθX + 2Θ
3/2X2) (4.20)
After the Berezin integration over θ it coincides with the manifestly conformal com-
ponent action for the N = 1 spinning particle (2.9).
5 Reparametrization invariant N = 1 spinning par-
ticle
The diffeomorphisms group of the superspace with one even and one odd coordinates
s and η is generated by two families of even operators Nn, n ≥ −1, andMm, m ≥ 0
Nn = is
n+1 ∂
∂s
, Mn = is
nη
∂
∂η
(5.1)
and two families of odd operators Pr, , Qr, r ≥ −1/2
Pn−1/2 = is
n ∂
∂η
, Qn−1/2 = is
nη
∂
∂s
. (5.2)
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. Their algebra is
[Nm, Nn] = −i(m− n)Nm+n, (5.3)
[Nm,Mn] = inMm+n, (5.4)
[Nm, Ps] = i(s+
1
2
)Pm+s, (5.5)
[Nm, Qs] = −i(m− s+ 1
2
)Qm+s, (5.6)
[Mm, Ps] = −iPm+s, (5.7)
[Mm, Qs] = iQm+s, (5.8)
{Pr, Qs} = iNr+s + i(r + 1
2
)Mr+s. (5.9)
The superconformal algebra as subalgebra is generated by
Ln = Nn +
n+ 1
2
Mn, Gr = Pr − iQr. (5.10)
One can take the rest of linearly independent generators in the form
Mn, Fr = Pr + iQr. (5.11)
It is convenient to write the group element as
GA = e
iτL−1 · eiθP−1/2 · eiψQ−1/2 · eiV (1)M1 · eiΘ3/2P3/2 · eiΨ3/2Q3/2 · · · (5.12)
eiΘAP1/2 · eiΨAQ1/2 · eiU (1)A L1 · eiUAL0 · eiVAM0, A = 0, 1 . . . , D + 1.
The last five multipliers in this expression form the subgroup and corresponding
parameters ΘA,ΨA, U
(1)
A , UA, VA carry additional external index A. All parameters
(odd Θ,Ψ and even U, V ) again are considered as superfunctions of τ and θ which
parametrize the (1, 1) superspace. The left infinitesimal transformation leads to the
reparametrization of superspace coordinates
δτ = a(τ, θ), δθ = ξ(τ, θ) (5.13)
and to the following variation of ψ [10]
δψ = −∂θa+ a˙ψ − ∂θξψ. (5.14)
One can show that such gauge freedom is enough to choose gauge
ψ = −iθ. (5.15)
Before going to such gauge one can calculate all invariant quantities - supervielbein,
covariant derivatives and integration measure:
e−UA −ΘA · e−VA
EM
A
A =
e−UA · ψ e−VA(1 + ΘA · ψ)
8
DθA = eVADθ, Dθ = ∂θ − ψ∂τ , (5.16)
DτA = eUA(∂τ +ΘADθ), (5.17)
Ber(EM
A
A) = e
−UA+VA . (5.18)
As in the case of superconformal algebra, described in the previous section, consider
the component of Ω-forms corresponding to the generator L1
Ω(L1)A = Ω
τ
A · Y˜A + ΩθA · Γ˜A, (5.19)
and write the invariant action in the form
S =
i
2
∫ ∑
A
dτdθ · e−UA+VAΣAΓ˜A = (5.20)
i
2
∫
dτdθ
∑
A
ΣA · e−UA+2VA{DθU1A +DθΘA ·ΨA +Ψ3/2 +Dθψ ·Θ3/2 −
U
(1)
A (ΨA ·+Dθψ ·ΘA)− V (1)(ΨA · −Dθψ ·ΘA)}.
Obviously, the combination Ψ3/2 + Dθψ · Θ3/2 should be considered as one in-
dependent field. The field V (1) in the action plays the role of Lagrange multiplier
which leads to the equation
∑
A
ΣA · e−UA+2VA · (ΨA −Dθψ ·ΘA) = 0. (5.21)
Note, that in the superconformal subgroup, generated by (5.10), takes plase more
strong equation for each value of the index A
(ΨA + iΘA) = 0
The equation (5.21), in contrast, contains the summation over the index A. Never-
theless, one can solve the constraint (5.21) and substitute the solution for
∑
A ΣA ·
e−UA+2VA ·ΨA back into the action (5.20). In the resulting action without loss of any
information one can choose the gauge (5.15). Indeed, when we calculate the equa-
tion of motion for ψ and choose this gauge, they are consequence of the equations
of motion, which follow from the gauge fixed action.
One easily can see that the gauge fixing reduces the action (5.20) to the action
for N = 1 superconformal group (4.15). So, the action (5.20), which is invariant
under the transformations of the whole diffeomorphism group of the (1, 1) superspace
describes the N = 1 spinning particle.
6 Conclusions
In the framework of nonlinear realizations of infinite - dimensional diffeomorphism
groups of one dimensional bosonic space and (1, 1) superspace we have constructed
9
the conformally and reparametrization invariant actions for massless particle and
N = 1 spinning particle in arbitrary dimension D. It is achieved by simultaneous
consideration of several group elements. The parameters of corresponding group
points include simultaneously the coordinates and momenta. The interaction be-
tween coordinates is obliged to parameters with higher dimensions, which are the
same for all considered points on the group space.
It would be interesting to apply the method developed here and in [10] to other
infinite dimensional symmetries, such as diffeomorphism groups of extended super-
spaces and higher dimensional spaces, W-algebras and so on
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